We prove continuous dependence of solutions of the Brinkman-Forchheimer equations on the Brinkman and Forchheimer coefficients in H 1 norm.
Introduction
In this work, we study the following initial-boundary value problem for the Brinkman-Forchheimer equations:
Here u = (u 1 , u 2 , u 3 ) is the fluid velocity vector, γ > 0 is the Brinkman coefficient, a > 0 is the Darcy coefficient, b > 0 is the Forchheimer coefficient, p is the pressure, α ∈ [1, 2] is a given number, Ω is a bounded domain of R 3 whose boundary ∂Ω is assumed to be of class C 2 .
We study the problem of continuous dependence of solutions to the problem (1.1)-(1.3) on coefficients b and γ . Continuous dependence of solutions on coefficients of equations is a type of structural stability, which reflects the effect of small changes in coefficients of equations on the solutions. Many results of this type can be found in the monograph of Ames and Straughan [1] . Structural stability in flows of fluid in porous media represented by the Darcy and Brinkman systems are investigated in the articles of Ames and Payne [2] , Payne and Straughan [4] [5] [6] [7] . In [7] , Payne and Straughan considered the initial-boundary value problem (1.1)-(1.3) with α = 1 which describes the flow of fluid in a saturated porous medium. They proved continuous dependence of solutions of the problem on the coefficients b and γ in L 2 norm. Our aim is to show continuous dependence on these coefficients in a stronger norm, that is, in H 1 norm.
In the following we will use the function spacesH 1 0 (Ω ,
, where the latter space is the closure ofH 1
We use the notation · p for the norm in L p (Ω ). We denote by · the norm and by ·, · the inner product in L 2 (Ω ).
Continuous dependence on the Forchheimer coefficient
In this section, we prove that the solution of the problem ( 
It follows from this inequality that the function
where
The boundedness of Φ(t) and hence the first of the estimates (2.1) follows from (I 2 ); the second of the estimates (2.1) follows if we integrate (I 1 ) over time and exploit the boundedness of Φ(t). Now assume that (u, p) is the solution of the problem
and (v, q) is the solution of
is a solution of the problem
The main result of this section is the following theorem:
Theorem 2. Let w be the solution of the problem (2.2)-(2.4). Then w satisfies the estimate
where K is a positive constant depending on the parameters of (1.1).
Thus, from (2.5) we get
Using the Hölder and Sobolev inequalities we obtain the estimate
where d 0 is the constant in the Sobolev inequality
which is valid for each v ∈ H 1 0 (Ω , R 3 ). By using (2.8) and (2.1) in (2.7) we get d dt
Let us estimate the expressions in the right-hand side of (2.10). Using the mean value theorem and then Hölder's inequality we get
Since 1 ≤ α ≤ 2, we use the Sobolev inequality and obtain
Similarly we estimate the last term in the right hand side of (2.10):
(2.13) Therefore, using (2.12) and (2.13) in (2.10) we obtain and add this to (2.9):
Inequality (2.15) implies
It follows from (2.16) that
Hence the statement of the theorem holds, that is, (E 1 ) is satisfied and we have
Remark 1.
It is not difficult to see that (E 1 ) remains true also when a > −λ 1 , where λ 1 > 0 is the first eigenvalue of the problem
Remark 2. In our calculations above we essentially used the estimate ∇u(t) ≤ D, ∀t > 0, from (2.1). Actually this estimate is valid for each solution of the problem (1.1)-(1.3) with γ > 0, b > 0 and a ∈ R. But it is no longer true when b < 0. To show this, let us consider energetic equalities for solutions of the problem (1.1)-(1.3):
Integrating (R 2 ) with respect to t we get
From the last inequality it follows that if u 0 > 0 and E 0 ≥ 0, then u(t) tends to infinity in a finite time.
Continuous dependence on the Brinkman coefficient
In this section we show that the solution of the problem (1.1)-(1.3) depends continuously on the Brinkman coefficient γ in H 1 (Ω ) norm. We let (u, p) be the solution of
and (v, q) be the solution of
Then (w, π) satisfies the problem
The following theorem establishes continuous dependence of the solution of (1.
Theorem 3. If (w, π)
is the solution of (3.7)-(3.9), then the following estimate holds:
where L is a positive constant, which depends on the parameters of (1.1).
Proof. We start the proof by taking the inner product of (3.7) by w in L 2 (Ω ):
By using (2.6) and the inequality
we obtain from (3.10)
On the other hand, taking the inner product of (3.7) and w t in L 2 (Ω ) we obtain
We have, similar to (2.12),
By using (3.4) and the Cauchy-Schwarz inequality we get
(3.14)
Since 2α + 2 ≤ 6, using (S) and (2.1) in (3.14) we have
Employing (3.13) and (3.15) in (3.12) we obtain 
The last estimate implies the desired inequality (E 2 ).
